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ABSTRACT 

Let F be the free prosoluble group of rank d < 9. We study the minimum 

integer k such that  the probability of generating F with k elements is 

positive. 

Introduction 

The probability of generating a finite group G with k elements is just the pro- 

portion of k-tuples of elements of G which generate G. This concept can be 

generalized to profinite groups, using the normalized Haar measure # defined 
on them. Namely, the probability that k random elements generate a profinite 

group G is defined as 

P(G,k) = #{(x l , . . . , xk )  e Gk[(xl , . . . ,xk)  = G}, 

where # denotes also the product measure on G k. 
A profinite group G is said to be 'positively finitely generated', PFG for short, 

if P(G, k) is positive for some natural number k, and the least such natural 

number is denoted by dp (G). 

It has been proved that several classes of finitely generated profinite groups 

are positively finitely generated (see [3], [1] and the beautiful paper [6]) and the 

value of P(G, k) has been calculated for some of these classes. For instance, 

W. M. Kantor and A. Lubotzky proved that if F is the free abelian profinite 

group with d generators then dp(F) = d +  1 (see [3]), and A. Mann proved that 
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the same result holds if F is the free pronilpotent group with d generators (see 

[6]). 

The case of prosoluble groups has been dealt with in [7], [6] and [5]. In 

particular, in [5] it is proved that  if F is the free prosoluble group of rank d, 

where d > 10, then dp(F) = Ic3d - c3] + 1, where c3 = 3.243...  is the constant 

defined by Palfy and Wolf in [8], [10] (here [x] denotes the smallest integer 

greater than or equal to x). But in the same paper [5], when 3 <__ d _< 9 only 

the bounds [c3d - c3] + 1 <_ dp(F) < Imax{c3d - c3 + 1, c2d}] are provided, 

and for d = 2 no non-trivial lower bound for dp (F) is given. Our results fill this 

gap, so that  the value of dp (F) is now known for every finitely generated free 

prosoluble group. Namely the following holds: 

THEOREM A: Let  F be a free prosoluble group of  rank d, where d >__ 2. Then 

dp(F) = [c3d - C3] "}- 1. 

(We note that  when d = 1 then F is abelian, so that  dp(F) = 2 by [3].) 

It is well known that  a profinite group is PFG if and only if it has polynomial 

maximal subgroup growth ([4, Theorem 11.1]); for such a group G, following 

[6], we define the degree of maximal subgroup growth 

s(G) = lim s u p ( l o g m n ( G ) / l o g  n) = in f{s[mn(G)  <_ Cn  s, for some C}, 

where m n ( G )  is the number of (closed) maximal subgroups of G of index n. 

It turns out that  in the case of a prosoluble group G the invariants s(G) and 

dp(G) are strictly related, so that,  as in [5], our results can be used to prove 

the following: 

THEOREM B: Let  F be the free prosoluble group of  rank d with d > 2; then 

s( F)  : c3d - c3 + 1. 

The line of the proofs is the same as in [5], so rather than repeating here all the 

details, we prefer to indicate which are the integrations and the modifications 

that  need to be done. 

Proof  of Theorem A: Theorem A is proved by showing separately that  

[c3d - c3] + 1 is both a lower and an upper bound for dp(F).  Section 1 deals 

with the lower bound, and only the missing case d = 2 needs to be considered. 

In section 2 we prove that  Ic3d - c3] + 1 is an upper bound for dp (F) for every 

d > 2. This, together with Theorem 1 of [5], is enough to prove Theorem A. 
| 

The proof of Theorem B is the same as in [5], and will not be reported here. 
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1. T h e  lower b o u n d  

THEOREM 1: Let F be the free prosoluble group of rank d, with d >_ 2; then 

dp(F) > c 3 d -  c3 + 1. 

Proofi We show how to modify the proof of Theorem 1 of [5] in order that  it 

holds also when d = 2. 

Let Gi be the group described in section 3 of [5]. We need to determine how 

fast P(Gi,  2) tends to zero when i tends to co. By (23) of [5] we have 

i 2-4r-- 1 

3fI(l- )II II (1 22.~ - j  )" 
P(Gi,  2) =- g 

r=0 r=0 j=0 

Use of the fact that  log(1 + 
i the inequalities ~r=O 1/34" < 

i 1 e -7 /10 YIr=0( - 1/34~) -> and 

_ 1 < x < 0 and x) _> ~x for every x such that  ~ _ _ 
oo 1 and ~-"2"4r-1 ~ s = l  1/3~ = ~ z_,j=0 1/224~-j < 1 give 

- [2 '4"-1 {1 j=0 ~ - 1 / 2  2"a~-j)_>e -7/5, so that  

3 ~0 e 7(i+1 ) > ~ e _ ~ i  P(c , 2 )  > . . . .  _ 

for some positive constant C'. 

1 (log log n - log log 9) we obtain As i = log 4 log 9 n = 

7 7 log log n 
5 1 o g 4  .~_ C r ~ - 5 1 ~ 4 g 4  P(Gi,  2) _> C(log n) log. 

for some positive constant C, so that  (14) of [5] becomes 

(1) 
vi = P(Gi, 2)[Gil2/[ Aut(G0] _> ACne3-1-s(l~176 - ~log~7 loglOg~logn 

- c 1 ~ (log log n)  2 
>_An3-  -D log.. , 

for some positive constants A, B. 

The proof is now the same as in section 2 of [5], using (1) instead of (14). 

This concludes the proof of Theorem 1. | 

2. T h e  u p p e r  b o u n d  

This section is devoted to the proof of the following: 

THEOREM 2: Let F be the free prosoluble group of rank d, with d >_ 2; then 

dp(F) _< [e3d - c3] + 1. 

Throughout this section, unless otherwise specified, all our logarithms will be 

to the base 2. 
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Proof  of  Theorem 2: Again, we follow the proof in section i of [5]. The following 

lemma plays the role of Lemma 1.1 in [5]. 

LEMMA 3: Let M _< GL(p, n) be a maxima/irreducible soNable/ /near group. 

Then n = rs and M = H I S, where H < GL(r,p),  S _< Sym(s) and either 

IMI < p~n or r < k for some absolute constant k. 

Proo~ We have that M = H w r S ,  where H _< GL(r,p) is a maximal primitive 

solvable subgroup of GL(r,p),  S is a maximal solvable transitive permutation 

subgroup of Sym(s) and n = rs. The structure of maximal primitive solvable 

groups is described by Suprunenko [9, w Let F be the maximal abelian 

normal subgroup of H, V = CH(F) ,  and let A / F  be the maximal abelian 

normal subgroup of H / F  contained in V / F .  Then the following hold: r = ab, 

IH/VI <_ a, IFI = pa _ 1, IA/FI = b 2 and if 

m 

b= IIq ' 
i = 1  

is the factorization of b in the product of distinct primes qi, we have that V i A  is 

isomorphic to a solvable subgroup of the direct product of the symplectic groups 

Sp(2ei, qi). It follows that 

m m 

]ViAl < 1-I [Sp(2ei,qi)l < I I  (2~*)~ - q i  �9 

i = 1  i = 1  

We note that ei -- logq~ q~' < log q~ < log b, so that  

m m 

H 4e~ b 4 log b. < < 

i = 1  i = 1  

It follows that  

IHI = IH/VIIV/AIIA/F[IFI  <_ ab2b41~ - 1). 

~ 1  94s/3 By Theorem 3 of [2] we have that ISI _< ~ .  , so it follows that 

IM] = IHI']SI < aSb(41~ a _ 1)s24s/3 < aSb(41~ 

We note that  

1 
(2) log a < ~-~a for all a > 64. 
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Let now B1 and A1 be positive integers such that: 

1 
4 log 2 b + 2 log b + log 24 + log 64 < b (3) 

and 

(4) 

FREE PROSOLUBLE GROUPS OF SMALL RANK 

for all b > B1 

1 1 
l o g a + 4 1 o g 2 B l + 2 1 o g B 1 + ~ l o g 2 4 < g a  for a l la_>A1.  

We now prove the following: 

(5) if a _> A1 or b _> B1 then [M[ < p~abs. 

To prove (5) it is enough to show that ab41~ < p]ab, i.e. that 

1 1 
(6) logp a + (4 log b + 2) logp b + ~ logp 24 < gab. 

Moreover, as logp x _< log 2 x, it is enough to prove (6) for p = 2. 

If b _> B1 we have 

log a + (4 log b + 2) log b + g log 24 _< max -i~a, log 64 

1 
+ 4 log 2 b + 2 log b + ~ log 24 

1 1 1 
<-~6a + b <_ gab, 

as we wanted. 

If I _< b < B1 and a _> A1 by (3) we have 

1 1 1 
log a + (4 log b + 2) log b + ~ log 24 < ga < gab, 

and this concludes the proof of (5). 

Taking k = AIB1 we obtain what we wanted. | 
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Proof  The proof is the same as Lemma 1.2 in [5]. We just note that an element 

g E GL(r,p)  has order at most p2r, because the p-part of the order is at most 

pT-1 and the p'-part of the order is at most p~ - 1. | 

LEMMA 4: Let M = H ~ S <_ GL(n,p) be an irreducible linear group, where 

n = rs, H <_ GL(r,p) and S <_ Sym(s) is transitive. I f  T is an irreducible 
subgroup of  M,  then [CM(T)[ < p2Tn. 
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We now resume the proof of Theorem 2. The argument in section 1 of [5] 

shows that we need to study 

W(p,n___)) 
pEP n = l  

where W(p, n) is the number of isomorphism classes of irreducible G-modules 

of order pn. 

By the definition of cp (see [8, Theorem 1]) we havc that  l i m p ~  Cp = 2, so 

there exists a prime q such that 

11 
(7) Cp < -ff for all primes p > q. 

For these primes formula (7) of [5] gives 

1 .[6d+fp(n)] n <_ 

Now we deal separately with the primes p _< q, arguing for all of them as is done 

in [5] for p = 3 and using Lemmas 3 and 4 in place of Lemma 1.1 and Lemma 

1.2 of [5], respectively. 

Arguing in the same way as for (9) of [5] we obtain 

2k Io~z,n _ . ,~ 
q [(cp-1)d-cp+l+ n +.]P(n)ln (8) W(p, n) <_ p[-~d+I~(,~)l,~ + ~ p  

and as (c3 - -  1 ) d  - c3 q- l _> ma,xp#3{(c p - 1 ) d  - Cp q- 1, 6d} for all d > 2 we have 

(9) W(p, n) < p [(c3-1)d-c3+l+~ 

for all primes p <_ q. 

We are now reduced to studying the following series: 

p[( C3-1)d-c3 + l +o(1)ln 
( 1 0 )  E ~ p(k-d)n 

2<p<_qn=l 

oa p~dn+fp(n)n 

+ E E pl+(k-d)n 
p>q n = l  

By the same arguments as in [5] we obtain that the series (10) converges for 

k > max{c3d - c3 + 1, !~d} = c3d - c3 + 1, and this concludes the proof of 

Theorem 2. 1 
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